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Abstract

Resonances or maxima in power absorption due to microwaves incidence within a slab are analyzed via transmitted

and reflected waves. A generalized mathematical formulation for uniform plane waves has been established to analyze

traveling waves, stationary waves and microwave power absorption within a multiphase sample. Preliminary studies

based on the generalized mathematical analysis in ice and water slabs illustrate that greater amplitudes of traveling and

stationary waves occur within ice samples, whereas, greater intensity of spatial resonances in microwave power occurs

for water samples due to a greater dielectric loss of water. Microwave thawing is studied for specific sample thicknesses

which are selected based on greater power distribution within water samples. The enthalpy method is employed for

modeling of thawing of ice samples where a superficial mushy region is assumed around the melting point. Depending

on the sample thickness, thawing may occur from the unexposed face as well as both the faces when the sample is

exposed to microwaves at one face only, whereas thawing may originate from both the center as well as the faces when

the sample is exposed to microwaves at both faces. Our analysis based on the generalized mathematical formulation

validates the local maxima in spatial power distribution during intermediate thawing stages obtained with the finite

element based enthalpy formulation. The generalized mathematical analysis on multiple thawed regimes further il-

lustrates the role of traveling waves on resonances in microwave power. The influence of resonance is attributed by a

non-monotonic variation of thawing time with sample thicknesses either for one side incidence or both side incidence

due to microwaves. Optimal thawing strategies are recommended based on greater power savings.

� 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Microwaves (MWs) are extensively used for volu-

metric heating of dielectric materials [1]. Most of the

edible materials and salts are dielectric in nature and

MWs are often used for heating of frozen materials for a

faster processing [2–4]. Efficient MW heating strategies

are often practised in industries for a faster processing.

During MW heating, the spatial power absorption is

dependent on sample geometry, wavelength of MW

within the sample medium for a fixed frequency and

intensity of radiation [5]. Greater heating effect within a

sample is attributed by greater power absorption within
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a sample. Maxima in power absorption within a sample

geometry may enhance local heating characteristics and

the maxima in power may be termed as �resonance�. To
investigate the efficient and fast heating procedure, a

detailed investigation on the MW power distribution

within a sample is needed and resonances may play a

significant role to establish the efficient heating strategy.

The spatial power distribution and resonances within a

sample for uniform plane waves are due to the inter-

ference of transmitted and reflected waves within a

material. A number of earlier numerical simulations

[5,6] was carried out for slabs and cylindrical geometries

where resonances, due to constructive interference of

propagating waves, were illustrated by the maxima in

average power absorbed by the sample. Resonances due

to uniform plane waves correspond to a relationship

between sample dimensions, wavelength and penetration
ed.
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Nomenclature

Ax;l amplitude of stationary wave lth layer, Vm�1

At
x;l amplitude of transmitted wave for lth layer,

Vm�1

Ar
x;l amplitude of reflected wave for lth layer,

Vm�1

Bi Biot number

C specific heat capacity, J kg�1 K�1

Dp penetration depth, m

Ex;l electric field for lth layer, Vm�1

Et
x;l electric field due to transmission for lth

layer, Vm�1 (Eq. (3))

Er
x;l electric field due to reflection for lth layer,

Vm�1 (Eq. (3))

Ex electric field intensity, Vm�1

E0 incident electric field intensity, Vm�1

f frequency, Hz

h heat transfer coefficient, Wm�2 K�1

H specific enthalpy, Jm�3

IOL flux of incident radiation from the left face,

Wm�2

IOR flux of incident radiation from the right face,

Wm�2

k thermal conductivity, Wm�1 K�1

k propagation constant

k0 reference thermal conductivity, Wm�1 K�1

keff effective thermal conductivity, Wm�1 K�1

L half-slab thickness, m

q microwave source term, Wm�2

Q dimensionless microwave source term

sd shape factor

t time, s

T temperature, K

Ti initial melting point, K

Tm melting point, K

Tf final melting point, K

T1 ambient temperature, K

T0 initial temperature, K

u dimensionless field component

v dimensionless real field component

w dimensionless imaginary field component

z distance, m

z0 dimensionless distance

Greek symbols

c dimensionless propagation constant

�0 free space permittivity, Fm�1

h dimensionless temperature

j0 relative dielectric constant

j00 relative dielectric loss

j� complex relative dielectric constant

k latent heat, J kg�1

km wavelength in the medium, m

q density, kgm�3

s dimensionless time

/l liquid volume fraction

dx;l phase difference in stationary wave for lth
layer

dtx;l phase state for transmitted wave for lth layer

drx;l phase state for reflected wave for lth layer

x angular frequency, Rad s�1

Subscripts

c continuous phase

d dispersed phase

l liquid phase

l layer number

s solid phase

Superscripts

t transmitted wave

r reflected wave
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depths, whereas resonances are absent for large and

small dimensions [6].

During melting or thawing, heating is accompanied

by phase change and the sample can be made of liquid,

solid and mushy regions. A simultaneous occurrence of

multiple phases which include both thawed and unth-

awed materials, is often observed during volumetric

effect due to MWs [3,4,7,8]. Resonances within a mul-

tilayered sample during thawing are thus cumbersome

due to arbitrary locations of various phase change

fronts. The primary focus of this article is to investigate

the role of resonances during MW thawing.

A number of experimental observations of reso-

nances has been reported by earlier investigators. Ohls-
son and Risman [9] carried out experimental studies on

microwave heating at 2450 MHz for spherical and cy-

lindrical samples. Resonances in power absorption were

observed at the center of the sample for spheres and

cylinders with diameters in the range of 2–6 and 1.8–3.5

cm respectively. Massaudi et al. [10,11] studied the av-

erage power absorption in homogeneous and multilay-

ered cylindrical samples by varying the frequency of

radiation for a sample with fixed diameter. Their cal-

culations showed the presence of resonances for the

multilayered samples only. Ruppin [12] predicted reso-

nance in the average power absorption for cylinders in

presence of reflecting surfaces. A greater effect in reso-

nances was observed in spheres. Weil [13] predicted av-



Fig. 1. Schematic illustration of a partially thawed multilayered

sample exposed to a plane electromagnetic wave.
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erage power over the frequency range for spheres of

radii 3.3 and 6 cm where strong resonances were ob-

served when the frequency was varied. Schundler [14]

studied the influence of resonances in power on drying

rates of liquid filled spheres. Common to all these ex-

perimental studies in enclosed cavities is resonances of

power that are primarily functions of the dimension and

shape of the cavity and frequency of the incident MW

radiation.

A number of theoretical and numerical analysis of

resonances of power due to MW heating in slabs and

cylinders for uniform plane waves was carried out by

earlier investigators [5,6,15]. Barringer et al. [5] studied

heating rates and power absorption in cylindrical sam-

ples of oil and water. Their modeling studies are based

on lumped parameter model of energy balance and the

average absorbed MW power, where volumetric spatial

power absorption is obtained by solving Maxwell�s
equations. The resonating effect is more pronounced in

water than oil samples. This difference in effect is due to

the fact that 3% of the MW power is reflected at an oil–

water interface, whereas 64% is reflected at water–air

interface. Their model predictions are in good agreement

with the experimental studies for a customized oven.

Ayappa et al. [6] and Ayappa [15] analyzed resonances

in slabs and cylinders for various materials. They es-

tablished a generalized material invariant relationship

between the sample dimension and the wavelength of

MWs at a resonating condition. Ayappa [15] analyzed

resonances based on stationary waves due to interfer-

ence of reflection and transmission waves.

The presence of resonances during thawing was in-

vestigated by Pangrle et al. [16] and Basak and Ayappa

[7]. Pangrle et al. [16] studied thawing of cylindrical

samples in presence of radially symmetric MW field and

they observed a sharp increase in front velocity at res-

onating conditions. Basak and Ayappa [7] carried out

MW thawing studies for 1D tylose slabs and they found

that 2 cm slab thaws faster than 1 cm slab due to reso-

nances when MWs are incident on both sides of the

sample. The maxima in average power absorption oc-

curs at the intermediate stages due to presence of mul-

tiple thawing fronts. Resonances at the intermediate

stages are also observed for thawing of 2D cylinders [4].

To date, a detailed analysis of resonances during MW

thawing is yet to appear in the literature.

Here we carry out a detailed analysis of resonance

during microwave thawing for 1D ice slabs. MW prop-

agation within a sample is governed by Maxwell�s
equations whose solution is a linear combination of the

traveling waves due to transmission and reflection. A

generalized mathematical formulation has been devel-

oped to study the influence of traveling waves on reso-

nances of microwave power absorption. MW thawing is

studied with the enthalpy formulation based energy

balance equation coupled with electric field equations
[3,8]. To investigate the influence of resonances at vari-

ous stages, we study the role of amplitudes and phase

states of traveling waves on spatial power distribution,

for single and multilayered partially thawed slabs. Based

on preliminary investigations for pure samples, we find

that the influence of resonance is significant for samples

with length scales similar to MWs transport length scales

and representative sample thicknesses are selected to il-

lustrate spatial resonances. Our case studies include

thawing of samples exposed to MWs at both the faces

and one face. Evolution of multiple thawed regimes,

interference of waves and resonances of power absorp-

tion are studied using our generalized formulation.

Optimal thawing strategies are recommended for vari-

ous sample thicknesses due to MW incidence of fixed

frequency and intensity.
2. Theory

2.1. Electromagnetic waves and microwave power: a

generalized mathematical formulation

The wave propagation due to uniform electric field Ex

is governed by [17]

d2Ex

dz2
þ k2Ex ¼ 0; ð1Þ

where Ex lies in x–y plane and varies only along the

direction of propagation, z axis (Fig. 1) and k ¼
ðx=cÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j0 þ ij00

p
, the propagation constant depends on

the dielectric constant, j0 and the dielectric loss, j00. Here

x ¼ 2pf , where f is the frequency of the electromag-

netic wave and c is the velocity of light. Due to volu-

metric heating effects, a sample undergoing thawing may

consist of multiple layered thawed and unthawed phases
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[7] as seen in Fig. 1. The electric field in a n multilayered

sample for the lth layer obtained from Eq. (1) is

d2Ex;l

dz2
þ k2Ex;l ¼ 0; ð2Þ

where zl�1 6 z6 zl and l ¼ 1; . . . ; n. We assume each

layer has constant dielectric properties and hence, the

general solution to Eq. (2) represented as a linear com-

bination of traveling waves propagating in opposite

directions is

Ex;1 ¼ Et;1e
ik1z þ Er;1e

�ik1z z ¼ z1;

Ex;l ¼ Et;le
iklz þ Er;le

�iklz zl�1 6 z6 zl; l ¼ 2; . . . ; n� 1;

Ex;n ¼ Et;ne
iknz þ Er;ne

�iknz z ¼ zn;

ð3Þ
where Et;l and Er;l are the coefficients due to transmis-

sion and reflection respectively. The boundary condi-

tions at the interface are

Ex;l�1 ¼ Ex;l

dEx;l�1

dz
¼ dEx;l

dz

9=
; l ¼ 2; . . . ; n

z ¼ z1; . . . ; zn�1:
ð4Þ

Using the interface conditions (Eq. (4)) and the

general solutions (Eq. (3)), the coefficients, Et;l and Er;l

are obtained via solving the set of algebraic equations:
Et;le
iklzl þ Er;le

�iklzl � Et;lþ1e
iklþ1zl � Er;lþ1e

�iklþ1zl ¼ 0

klEt;le
iklzl � klEr;le

�iklzl � klþ1Et;lþ1e
iklþ1zl þ klþ1Er;lþ1e

�iklþ1zl ¼ 0

�
l ¼ 1; . . . ; n� 1: ð5Þ
As the incident field intensities from the left and right

are known, i.e., Et;1 ¼ EL and Er;n ¼ ER, Eq. (5) are

solved for the remaining 2n� 2 coefficients using

MATLAB 6.0. For the lth layer, the transmitted and

reflected waves are

Et
x;l ¼ Et;le

iklz ¼ At
x;le

idtx;l ;

Er
x;l ¼ Er;le

iklz ¼ Ar
x;le

idrx;l ;
ð6Þ

where corresponding amplitudes

At
x;l ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Et
x;lE

t�
x;l

q
;

Ar
x;l ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Er
x;lE

r�
x;l

q ð7Þ

and the phase states

dtx;l ¼ tan�1
ReðEt

x;lÞ
ImðEt

x;lÞ

" #
;

drx;l ¼ tan�1
ReðEr

x;lÞ
ImðEr

x;lÞ

" #
;

ð8Þ

where the superscript, ��� in Eq. (7) denotes the complex

conjugate. For a stationary wave in the lth layer, the

amplitude is
Ax;l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ex;lE�

x;l

q
ð9Þ

and the difference in phase angle

dx;l ¼ dtx;l � drx;l; ð10Þ

where the quantities Ex;l and E�
x;l appeared in Eq. (9) are

evaluated using Eqs. (3) and (6). At the resonance, the

difference in phase angle is zero, i.e., dx;l ¼ 0.

The absorbed power in lth layer, obtained from

Poynting vector theorem is

qðzÞ ¼ 1
2
x�0j00Ex;lðzÞE�

x;lðzÞ: ð11Þ

The average power obtained by integrating the power

across the slab is

qav ¼
1

2L

Z þL

�L
qðzÞdz � 1

2L

X2L
z¼0

qðzÞ: ð12Þ

The penetration depth Dp and wavelength of radiation

in the medium km are related to j0 and j00 in the fol-

lowing manner:
Dp ¼
c

ffiffiffi
2

p
pf j0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ j00

j0

� �2r
� 1

 !" #1=2 ð13Þ

and

km ¼ c
ffiffiffi
2

p

f j0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ j00

j0

� �2r
þ 1

 !" #1=2 : ð14Þ

The propagation constant, k ¼ ð2p=kmÞ þ ið1=DpÞ, in-

dicates that km and Dp are the two length scales that

determine the electric field distribution within sample.

Although generalized length scales for propagation of

MWs may be obtained for single phases, for multilay-

ered samples, spatial wave patterns and associated

length scales may be quite cumbersome due to spatial

dependence of material dielectric properties.

2.2. Modeling of microwave thawing: enthalpy method

In this section, we have analyzed microwave thawing

of 1D ice slabs with the enthalpy formulation [8]. The

enthalpy formulation is governed by a single energy

balance equation with a superficial mushy region as-



Fig. 2. Schematic illustration of the solid and liquid regions

separated by a superficial mushy region. (- - -) the step function

for /l vs T curve at Tm; (––) a linear function for /l vs T for a

superficial mushy region between Ti and Tf . T0 is the initial

temperature of the frozen sample and Tr is a reference tem-

perature within the sample.
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sumed to exist around the melting regime (Fig. 2). We

assume a local thermal equilibrium between solid and

liquid phases. The single energy balance equation based

on enthalpy formulation [3,8] for the entire domain is

oH
ot

¼ o

oz
keff

oT
oz

� �
þ qðT Þ; ð15Þ

where qðT Þ, defined in a similar manner as in Eq. (11) is

the absorbed microwave power, which is a function of

temperature during thawing due to the temperature de-

pendency of the dielectric properties as discussed later.

Here keff ¼ /lkl þ ð1� /lÞks is the effective thermal con-

ductivity with kl and ks as thermal conductivities of

liquid and solid phases respectively. The total enthalpy,

HðT Þ in Eq. (15) can be written as

HðT Þ ¼ qð1� /lÞ
Z T

Tr

Cs dh

þ q/l

Z Ti

Tr

Cs dh

�
þ kþ

Z T

Ti

Cl dh

�
; ð16Þ

where Cl and Cs are the liquid and solid phase heat ca-

pacities respectively, k is the latent heat and q is the

mean density between the solid and liquid phases. In Eq.

(16), Tr represents an arbitrary reference temperature, Ti
is the temperature at which phase change initiates, the

liquid volume fraction, /l is in general a function of

temperature at a given position in the sample. For pure

material, /l is a step function with a discontinuity at Tm,
melting point of the material. In order to implement the

enthalpy method, we assume a linear function of /l for a
very small region (DT ¼ 0:1 K) around the melting

point, Tm as [8]

/l ¼
0 T 6 Ti;
T � Ti
ðTf � TiÞ

Ti 6 T 6 Tf ;

1 T P Tf

8><
>: ð17Þ

with Ti ¼ Tm � DT=2 and Tf ¼ Tm þ DT=2. With this

assumption, /lðT Þ reduces to a continuous function re-

moving numerical difficulties associated with a step

function (Fig. 2). Hence, for a continuous /l vs T rela-

tionship, a single wave propagation equation for the

entire medium obtained from Eq. (1) is

d2Ex

dz2
þ k2ð/lÞEx ¼ 0; ð18Þ

where k ¼ ðx=cÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j0ð/lÞ þ ij00ð/lÞ

p
is the spatially varying

propagation constant. We assume that the dielectric

properties are temperature dependent only due to their

dependence on /l. Hence in regions of pure liquid and

solid the dielectric properties are assumed to be indepen-

dent of temperature. The expression for the relative

complex dielectric constant j� ¼ j0 þ ij00 in the mushy

zone, basedonFricke�s [18] complex conductivitymodel is

j� ¼ j�
c ½j�

dð1þ sdVdÞ þ j�
cð1� VdÞsd�

½j�
cðsd þ VdÞ þ j�

dð1� VdÞ�
; ð19Þ

where j�
c and j�

d are the relative complex dielectric

properties of the continuous and dispersed phases re-

spectively, sd ¼ 2 for spherical dispersions and sd ¼ 1 for

cylindrical dispersions. Vd the volume fraction of the

dispersed phase, is 1� /l, when the solid is the dispersed

phase (liquid continuous) and Vd ¼ /l, when liquid is the

dispersed phase (solid continuous). Based on our pre-

vious analysis [7] we assume solid is dispersed in the

continuous liquid phase.

Using the dimensionless variables,

u ¼ Ex

E0

and
d

dz0
� 2L

d

dz
:

Eq. (18) reduces to

d2u
dz02

þ c2ð/lÞu ¼ 0; ð20Þ

where u is the electric field intensity, cð/lÞ ¼
ð2Lx=cÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j0ð/lÞ þ ij00ð/lÞ

p
is the propagation constant

and 2L is the thickness of the slab as shown in Fig. 1.

Substituting the complex field variable u ¼ vþ iw into

Eq. (20) and equating the real and imaginary compo-

nents, we get

d2v
dz02

þ v1ð/lÞv� v2ð/lÞw ¼ 0 ð21Þ

and

d2w
dz02

þ v2ð/lÞvþ v1ð/lÞw ¼ 0 ð22Þ
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with v1ð/lÞ ¼ ð4L2x2=c2Þj0ð/lÞ and v2ð/lÞ ¼ ð4L2x2=c2Þ
j00ð/lÞ.

For uniform plane waves incident on a sample, some

of the radiation is scattered and the rest is absorbed. For

1D slab, boundary conditions [17] for the real and

imaginary components are,

dv
dz0

� 2xL
c

w ¼ 4xL
c

sin
xL
c

� �
dw
dz0

þ 2xL
c

v ¼ 4xL
c

cos
xL
c

� �
9>>>=
>>>;

at z0 ¼ 0 ð23Þ

and

dv
dz0

þ 2xL
c

w ¼ �ER

EL

4xL
c

sin
xL
c

� �
dw
dz0

� 2xL
c

v ¼ �ER

EL

4xL
c

cos
xL
c

� �
9>>>=
>>>;

at z0 ¼ 1:

ð24Þ

Dimensionless form of the energy balance equation in

presence of microwave, Eq. (15), is

oH
os

¼ o

oz0
keff

oh
oz0

� �
þ Qð/lðhÞÞ; ð25Þ

where the expression for the microwave power term in

Eq. (25) is,

Qð/lðhÞÞ ¼
2L2x�0j00ð/lÞE2

0

k0T0
ðv2 þ w2Þ: ð26Þ

The initial condition used in the analysis is

hðs ¼ 0Þ ¼ T0 � T1
T0

for 06 z0 6 1: ð27Þ

In the analysis, Neumann convective boundary condi-

tion is used which can be expressed as

�n � keff
oh
oz0

¼ Bih: ð28Þ

The coupled energy balance and the electric field equa-

tions with the appropriate boundary conditions are

solved using Galerkin finite element method in the

similar manner as discussed in our previous work [8,19].
Table 1

The thermal and dielectric properties are given for ice (s) and

water (l)

Material property Ice (s) Water (l)

Heat capacity, Cp (Ws kg�1 �C�1) 2051 4226

Thermal conductivity, k
(Wm�1 �C�1)

2.22 0.56

Density, q (kgm�3) 917 999

Latent heat, k (J kg�1) 3.34� 105

Dielectric constant (2450 MHz), j0 3.95 78.0

Dielectric loss (2450 MHz), j00 0.3 12.48
3. Results and discussion

3.1. Analysis of MW power distributions in ice and water

samples

Preliminary studies have been carried out to analyze

the MW power characteristics and resonances for ice

and water samples. The dielectric properties are ob-

tained from Table 1. In all cases, the sample is exposed

to the MW radiation of intensity 3 Wcm�2.

In order to study the influence of resonances, the

average power, obtained from Eq. (12) is plotted as a

function of various sample thicknesses. Fig. 3(a) and (b)
illustrate the average power as a function of sample

thicknesses where the maxima in average power occurs at

2L=km ¼ n, 0:5n [6] for samples with both sides exposed

and one side exposed to MWs respectively. The wave-

lengths, km for ice and water are 6.15 and 1.38 cm re-

spectively, whereas the penetration depths, Dp are 25.81

and 2.76 cm. The average power for ice samples with

both sides exposed toMWs incident are greater than that

with one side incident cases for all sample thicknesses

except for thicker samples (e.g., 2L ¼ 3:2 cm) as seen in

Fig. 3(a). In contrast, the average power for water sam-

ples for both sides incident case is lower than that for one

side incident case for smaller thicknesses (2L ¼ 0:7 and

1.8 cm) at which the local minima in average power oc-

curring due to both side incident case is smaller than the

local maxima in average power due to one side incident

case. These interesting features as seen in average power

vs sample thickness diagram thus provide a suitable

guideline in determining the efficient heating route due to

MWs incidence. Therefore, it is worthwhile to investigate

further the enhanced heating and thawing characteristics

for specific sample dimensions.

During intermediate stages of thawing the material

may consist of simultaneous solid–liquid phases [7]. As

water absorbs greater power than ice as seen in Fig. 3,

heating rates in ice–water phases during thawing are

greatly influenced by optimal thickness of the water

phase. Therefore, to analyze the efficient thawing strat-

egies, we have identified four specific sample thicknesses

as 2L ¼ 0:4, 0.85, 1.5 and 3.2 cm based on greater power

absorption in water phases as shown in Fig. 3(b). These

specific thicknesses are selected in order to illustrate the

significant role of resonance on thawing rate of ice slabs

as discussed in later sections.

The maxima in spatial power absorption of the sta-

tionary wave is analyzed based on the influence of in-

dividual traveling waves due to transmission and

reflection. Here we carry out studies on the intensity of

spatial resonance of absorbed power for various ice and

water samples with amplitudes ðAt
x;l;A

r
x;l;Ax;lÞ, and dif-

ference between phase angles ðdx;lÞ where amplitudes

and the difference between phase angles are obtained

from Eqs. (7)–(10). Figs. 4 and 5 illustrate the ampli-

tudes, difference between phase angles and the MW



Fig. 3. Average power (Wcm�3) vs sample thickness (cm) for

(a) ice and (b) water samples. (––) slabs exposed to microwaves

at both faces; (- - -) slabs exposed to microwaves at the left face.

f ¼ 2450 MHz, for microwaves exposed at both faces;

IOL ¼ IOR ¼ 3 Wcm�2, for microwaves exposed at the left face;

IOL ¼ 3 Wcm�2, IOR ¼ 0. Greater maxima in average power

occurs for water.
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power absorption for ice slabs. As seen in Fig. 4, for all

sample thicknesses exposed to MWs at one face, the

amplitude of the transmitted wave, At
x;l is greater than

that of the reflected wave, Ar
x;l. The amplitude of the

stationary electric field has a maxima at the unexposed

face for small thicknesses, whereas for the larger sample

(2L ¼ 3:2 cm) it has two maxima occurring at the faces.

The evidence of resonance is illustrated with the differ-

ence in phase angles vs positions within a slab. A dif-

ference between phase angle of zero illustrates the

constructive interference at the unexposed face for

smaller samples and at both faces for larger samples.

Note that, the phase difference between traveling waves

is zero at the resonance which corresponds to a maxima

in amplitude of the stationary wave. For all thicknesses,

a significant variation of amplitude in stationary electric

field corresponds to spatial power absorption ranging

between 0.15 and 0.4 Wcm�3.

Fig. 5 illustrates the amplitude and difference in phase

angles for ice samples exposed to MWs at both the faces.

For all the sample thicknesses, the amplitudes of the

transmitted and reflected waves are almost equal. The
spatial power is almost uniform for the smaller thick-

nesses (2L ¼ 0:4, 0.85 cm) due to small spatial variation

of difference in phase angle which contrast the greater

thickness samples where a greater power is deposited at

the center. The constructive interference or resonance

occurring at the center of the sample is in contrast with

one side exposed cases where the resonance occurs either

at the unexposed face or both the faces.

Fig. 6 illustrates the amplitudes and differences in

phase angles for water samples incident to MWs at one

face. For all the samples exposed to MWs at one face as

seen in Fig. 6, the amplitude of the transmitted wave is

monotonically decreasing function with the distance,

whereas the amplitude of the reflected wave is of

monotonically increasing order. A resonance for smaller

thicknesses (2L ¼ 0:4 cm) occurs at the unexposed face

due to constructive interference as shown with a zero

difference in phase angles (Fig. 6), whereas several res-

onating zones are seen within a sample with greater

thicknesses. For 2L ¼ 0:85 cm sample, two resonances

occur near the exposed and unexposed surfaces. Multi-

ple resonating zones are also found for 2L ¼ 1:5 and 3.2

cm samples.

Fig. 7 illustrates for water samples exposed both sides

to MWs. As the samples are exposed at both the faces,

the transmitted and reflected waves are symmetric with

each other. For smaller samples (2L ¼ 0:4 cm), one

resonance is observed at the center, whereas several

resonances are observed for greater thicknesses. Al-

though multiple resonances are observed for greater

thicknesses, the spatial amplitudes of transmitted and

reflected waves are smaller in greater thicknesses for one

side and both side incident cases (Figs. 6 and 7). Due to

greater penetration of MWs in ice, the maxima in in-

tensity of the traveling and stationary electric fields oc-

curring in ice samples are greater than that in water

samples for specific sample dimensions, however the

maxima in power absorption is greater in water samples

due to greater dielectric loss of water.

3.2. Microwave thawing of ice: case studies

This section analyzes the power and temperature

distributions for various thawing intermediates during

MW thawing of ice slabs. A constant value of density,

960 kgm�3 was assumed for both the liquid and solid

phases. A uniform initial temperature, T0 ¼ 270 K is

used for all slab thicknesses. In all cases an ambient

temperature, T1 ¼ 300 K and a heat transfer coefficient,

h ¼ 2 Wm�2 K�1 are used. A superficial mushy region of

DT ¼ 0:1 K is used. The thermal and dielectric proper-

ties are given in Table 1. Although the dielectric prop-

erties for pure ice and water phases are assumed to be

constants, the dielectric properties within the superficial

mushy region are the function of temperature (Eq. (19)).

For each case, we have used 50 quadratic elements and



Fig. 4. Amplitudes of electric field ðAx;l;At
x;l;A

r
x;lÞ, phase difference ðdtx;l � drx;lÞ and power distributions for pure ice slabs exposed to

microwaves from the left face. (� � �) transmitted wave; (- - -) reflected wave; (––) stationary wave. f ¼ 2450 MHz, IOL ¼ 3 Wcm�2,

IOR ¼ 0. Resonances in power occur at the unexposed face for smaller thicknesses and at both faces for a thicker sample.
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the time steps ranging between 0.005 and 0.05 s. Unless

stated otherwise, the shaded regions in figures represent

the fully thawed regions. The results for microwave

heating in a single phase are compared with Ayappa et al.

[2] and the results were in excellent agreement (�2%).

3.2.1. Case 1: 2L ¼ 0:4 cm

Fig. 8 illustrate the thawing characteristics at various

thawed regimes for 2L ¼ 0:4 cm sample exposed to

MWs at the left face. Similar to MW heating of pure ice

slabs, the maxima in power absorbed is seen at the un-

exposed face during 1.67 min. During the initial stage

the temperature at each point in the sample reaches the

initial melting point, Ti ¼ 272:95 K, resulting in the en-

tire region becoming mushy, which is however superfi-
cial. Due to a greater variation in dielectric loss within

this temperature regime, based on Eq. (19), the absorbed

power is in general greater than that for pure ice slabs as

seen in Fig. 4. At 4.67 min, the power peak is still located

at the unexposed face. Consequently, thawing is initi-

ated from the unexposed face of the slab and propagates

towards the exposed face with time. A sharp gradient in

power is observed near the interface between the unth-

awed and liquid regimes which also results in a greater

variation in temperature as seen in the liquid regime,

whereas an almost uniform temperature profile is found

within the unthawed/frozen phase. At 7.67 min, the

power at the unexposed face is smaller than that during

initial stages and a very small amount of power is ab-

sorbed in the exposed face. Thawing is completed at 9.85



Fig. 5. Amplitudes of electric field ðAx;l;At
x;l;A

r
x;lÞ, phase difference ðdtx;l � drx;lÞ and power distributions for pure ice slabs exposed to

microwaves from both faces. (� � �) transmitted wave; (- - -) reflected wave; (––) stationary wave. f ¼ 2450 MHz, IOL ¼ IOR ¼ 3 Wcm�2.

A uniform spatial power absorption occurs for smaller thicknesses and for greater thicknesses, a resonance occurs at the center.
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min, where the entire region is liquid and due to a

greater dielectric loss an increase in power is observed at

the incident face. An interesting feature to note is the

smaller absorbed power at the incident face during entire

thawing, resulting in a smaller increase in temperature at

the incident face when compared with the temperature

rise at the unexposed face. Fig. 8(a) illustrates the av-

erage power and average temperature distribution with

time. A maxima in average power is observed at the

initial stage (t ¼ 1:67 min) with a greater power at the

unexposed face, whereas at the later stages the average

power decreases monotonically resulting in a smaller

power distribution for the entire sample. The average

temperature profile indicates that the heating rates are

high during a very early stage of thawing.

Fig. 9 illustrate the thawing characteristics for the

sample exposed to MWs at both faces. At the initial

stage, the maxima in power absorbed occurs at the

center. During 0.67 min, the dielectric properties are

strongly dependent on temperature, and hence, a greater

power is deposited everywhere at the sample which is in
contrast to the pure ice slabs exposed to MWs as seen in

Fig. 5. Although the power peak is still located at the

center during 2 min, smaller power is deposited in the

rest of the sample which contrasts the initial stages

(t ¼ 0:67 min). Thawing is seen to propagate from the

inside out. At 2.33 min, a central liquid layer is formed

and a greater temperature distribution is seen within the

liquid regime. Due to greater power distribution in

presence of MWs exposed to both faces a faster thawing

occurs and the entire region is completely thawed in 2.81

min. Common to the left side incident case, a greater

thawing rate is found at the initial stages attributed by

greater average power and average temperature (Fig.

9(a)).

3.2.2. Case 2: 2L ¼ 0:85 cm

Fig. 10 illustrate the thawing characteristics for

2L ¼ 0:85 cm sample exposed to MWs at the left face.

Similar to the previous case, the power peak is observed

at the unexposed face during an early stage. At 5.67 min,

thawing proceeds both from the exposed and unexposed



Fig. 6. Amplitudes of electric field ðAx;l;At
x;l;A

r
x;lÞ, phase difference ðd

t
x;l � drx;lÞ and power distributions for pure water slabs exposed to

microwaves from the left face. (� � �) transmitted wave; (- - -) reflected wave; (––) stationary wave. f ¼ 2450 MHz, IOL ¼ 3 Wcm�2,

IOR ¼ 0. Resonances occur at the faces for smaller thicknesses, whereas multiple resonances occur for greater thicknesses.
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faces of the slab giving rise a central unthawed/frozen

phase surrounded by two liquid regimes which contrast

the single thawing front propagation for 2L ¼ 0:4 cm

sample as seen in Fig. 8. An interesting feature to note is

that during 5.67 min, power rises dramatically at the

exposed face, whereas a secondary power maxima is still

observed at the unexposed face. Therefore, a greater

average power and average temperature are seen at the

intermediate stages which result in a greater rate of

thawing as observed till 7.33 min. At 7.33 min, almost

85% of the material is thawed. The maxima in average

power during the later stages contrast the thawing

phenomena for 2L ¼ 0:4 cm sample resulting in an

overall faster thawing rate for 2L ¼ 0:85 cm slab com-

pared to 2L ¼ 0:4 cm slab exposed to MWs at the left
face only. Note that, 2L ¼ 0:4 cm slab is completely

thawed at 9.85 min, whereas 2L ¼ 0:85 cm slab takes

8.25 min only.

Fig. 11 illustrate the thawing characteristics for slabs

exposed to MWs at both faces. Common to Case 1 (Fig.

9(b); 2L ¼ 0:4 cm), the thawing front propagates from

inside out when slabs are exposed to MWs at both faces.

Thawing dynamics may be contrasted for various stages

with the dynamics for the slab exposed to MWs at the

left face (Fig. 10). The average power distribution shows

a maxima at a very early stage and thereafter, the power

is monotonically decreasing with time (Fig. 11(a)). Due

to greater effect of MWs propagating on both faces, the

central thawed regime is observed at 3.33 min, whereas

the entire region is unthawed for the slab with the left



Fig. 7. Amplitudes of electric field ðAx;l;At
x;l;A

r
x;lÞ, phase difference ðd

t
x;l � drx;lÞ and power distributions for pure water slabs exposed to

microwaves from both faces. (� � �), transmitted wave; (- - -) reflected wave; (––) stationary wave. f ¼ 2450 MHz, IOL ¼ IOR ¼ 3 Wcm�2.

Multiple resonances occur for greater thicknesses where the intensity of spatial power absorption is significantly small.
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face exposed to MWs during the same time interval as

seen in Fig. 10(b). At the intermediate stage, t ¼ 5:67
min, 60% of the sample is thawed as seen in Fig. 11(b).

During these intermediate stages the average power

absorbed is smaller than that for slabs exposed to MWs

at the left face and consequently, the slab with both faces

exposed to MWs take longer time to thaw. An inter-

esting feature here to note is that the average power vs

time plot for 2L ¼ 0:85 cm slab exposed to MWs at the

left face as seen in Fig. 10(a) illustrates the maximum

usage of power for a faster thawing.

3.2.3. Case 3: 2L ¼ 1:5 cm

A few interesting thawing dynamics as seen in Fig. 12

occur for 2L ¼ 1:5 cm slab exposed to MWs at the left

face. Two thawing fronts propagating from both faces
are observed at an initial stage, t ¼ 3:33 min. A maxima

in power is observed near the exposed face resulting in a

maxima in average power at the initial stages (Fig.

12(a)). During 10.33 and 14.33 min, a larger thawed

regime at the exposed face is seen which is in contrast

with the smaller slabs exposed to MWs at the left face

where the thawing front propagating from the unex-

posed face was seen to dominate. The greater power

distribution within the thicker thawed region propagat-

ing from the exposed face, results in another maxima in

average power (Fig. 12(a)). Due to a power deposition

during longer period of thawing the average temperature

increases rapidly which is also indicated in greater spa-

tial temperature deposition within the thawed regime

near the exposed face. At 17 min, thawing is complete;

the spatial power deposition is smaller than that during



Fig. 8. (a) Average power (––) and average temperature (- - -) vs time; (b) power (––) and temperature (- - -) profiles with thawed

regimes (shaded) during microwave thawing of 2L ¼ 0:4 cm slab exposed to microwaves at the left face. f ¼ 2450 MHz, IOL ¼ 3

Wcm�2, IOR ¼ 0. Thawing occurs from the unexposed face and a greater power deposition at the unexposed face is observed during

an earlier stage.
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the intermediate stages and a hot spot is seen to occur at

the exposed face which contrasts the smaller sample with

MWs incidence at the left face.

Enhanced thawing rates are observed for the sample

exposed to MWs at both the faces as seen in Fig. 13.

Similar to the 2L ¼ 0:85 cm slab exposed to both side

(Fig. 11), thawing is seen to propagate from the center.

During 5.33 min, a maxima in power, however small, is

deposited at the center. At 6.66 min, a thin liquid layer is
also formed at the faces where a significantly greater

power is absorbed resulting in a maxima in average

power distribution. Consequently, the entire thawing

process involving the multiple thawing fronts is accel-

erated and the thawing is complete at 7.57 min. The later

stage of thawing is greatly influenced by resonance in

power absorption contrasting the thawing dynamics for

2L ¼ 0:85 cm exposed to MWs at both faces (Fig. 11)

where total thawing time is 9.55 min. It is interesting to



Fig. 9. (a) Average power (––) and average temperature (- - -) vs time; (b) power (––) and temperature (- - -) profiles with thawed

regimes (shaded) during microwave thawing of 2L ¼ 0:4 cm slab exposed to microwaves at both faces. f ¼ 2450 MHz, IOL ¼ IOR ¼ 3

Wcm�2. Thawing is seen to proceed from the center and greater average power is observed at the initial stage.
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note that, 2L ¼ 1:5 cm sample thaws quicker than

2L ¼ 0:85 cm (when both faces of samples are exposed

to MWs).

3.2.4. Case 4: 2L ¼ 3:2 cm

The thawing process is much longer for greater

thicknesses (figures are not shown). Thawing is seen to

propagate from the face exposed to MWs which are

common for thicker samples based on our earlier studies

[7]. Similar to previous cases (Cases 1–3) the maxima in

absorbed power always occurs within the liquid regime.

During later stages the spatial power shows multiple
local maxima as the thawed regime is greater than the

wavelength of MWs. Although multiple maxima in av-

erage power is observed, the average power distribution

is smaller than that for the smaller thicknesses. Thawing

rate is approximately doubled for the sample incident at

both faces (figures are not shown).

3.3. Analysis of resonances for ice–water phases: repre-

sentative thawed regimes

In this section, we analyze resonances for some rep-

resentative cases of various thawed regimes consisting of



Fig. 10. (a) Average power (––) and average temperature (- - -) vs time; (b) power (––) and temperature (- - -) profiles with thawed

regimes (shaded) during microwave thawing of 2L ¼ 0:85 cm slab exposed to microwaves at the left face. f ¼ 2450 MHz, IOL ¼ 3

Wcm�2, IOR ¼ 0. Thawing is seen to proceed from both the faces and greater average power is observed during an intermediate stage.
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multiple ice–water phases as seen in earlier section. In

order to investigate resonances we have studied the

spatial distribution of amplitudes of transmitted and

reflected waves, phase states and MW power as obtained

from Eqs. (6)–(11) for multilayered ice–water slabs.

Figs. 14 and 15 illustrate the spatial distribution of the

representative quantities of resonances for four reference

sample thicknesses with the shaded region representing

the water layer only. The thickness of multilayered ice–

water regimes at various stages for each sample thick-

ness is chosen to represent various thawed stages as il-

lustrated in the previous section.
Fig. 14(a)–(c) illustrate the analysis for 2L ¼ 0:4 cm

slab with MW incident at the left face. Fig. 14(a) rep-

resents the multilayered slab consisting of a thin layer of

water at the face opposite to the MW incidence as il-

lustrated in Fig. 8(b) during an initial stage. The am-

plitudes of transmitted and reflected waves within the ice

region are similar to that of pure ice slab with MW in-

cidence at the left face as illustrated in Fig. 4 and the

amplitude sharply changes at the ice–water interface.

The resonance in power absorption occurs at the thin

layer of water with the difference in phase angle ðdx;lÞ
exactly being zero. It is interesting to note that the



Fig. 11. (a) Average power (––) and average temperature (- - -) vs time; (b) power (––) and temperature (- - -) profiles with thawed

regimes (shaded) during microwave thawing of 2L ¼ 0:85 cm slab exposed to microwaves at both faces. f ¼ 2450 MHz, IOL ¼ IOR ¼ 3

Wcm�2. Thawing is seen to proceed from the center.
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sudden jump in spatial power absorption is also ob-

served during the initial stage of MW thawing as illus-

trated in Fig. 8(b). During an intermediate stage as seen

in Fig. 14(b), the amplitude of each traveling wave

within the ice layer considerably differs from the initial

stage. The role of water thickness at the opposite face

seems to play a significant role to change the spatial

pattern of traveling waves within the ice layer where the

amplitude of the transmitted wave is seen to be de-

creased and that for reflected wave increased. The am-

plitude of the stationary wave within the ice layer is

smaller than that at the initial stage and the smaller
amplitude is due to a greater destructive interference in

presence of a water layer near the unexposed face. The

smaller MW power deposition within the ice layer may

delay the heating rate within the ice phase, however the

significant amount of MW power deposition within the

water phase may be distributed within the ice phase via

conduction (Fig. 8(b)). Note that, the amplitude of the

stationary electric field and the MW power absorption

within 2L ¼ 0:4 cm pure ice slab is greater as represented

in Fig. 4 and presence of water layer during an inter-

mediate stage causes more destruction between the

waves within the ice phase as seen in Fig. 14(b) and (c).



Fig. 12. (a) Average power (––) and average temperature (- - -) vs time; (b) power (––) and temperature (- - -) profiles with thawed

regimes (shaded) during microwave thawing of 2L ¼ 1:5 cm slab exposed to microwaves at the left face. f ¼ 2450 MHz, IOL ¼ 3

Wcm�2, IOR ¼ 0. Thawing is seen to proceed from both the faces. Two maxima in average power is observed and average temperature

increases rapidly at the later stages due to longer duration of power absorption.
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Although amplitudes of waves are smaller in the water

region, the maximum power deposition within the water

layer is due to the constructive interference ðdx;l ¼ 0Þ
and a greater dielectric loss. During later stages (Fig.

14(c)), the sample consists of 75% of water layer, where

the resonance which is however smaller than previous

stages, occurs at the opposite face and a very less MW

power is being deposited within the ice layer where

greater amount of destructive interference still persists.

Although we have assumed the smooth functional

representation of dielectric properties within a superfi-
cial mushy region for modeling of MW thawing, our

analysis for ice–water slabs indicates that the MW

power distribution based on the generalized mathemat-

ical formulation is identical with the results obtained

from finite element based enthalpy formulation during

the intermediate and later stages (see Figs. 8(b) and

14(a)–(c)). Similarly, our analysis also explains MW

power and heating characteristics for other sample

thicknesses which we can see in following discussions.

Analysis of MW propagation for 2L ¼ 0:85 cm sample is

shown in Fig. 14(d)–(f). At the initial stage (Fig. 14(d)),



Fig. 13. (a) Average power (––) and average temperature (- - -) vs time; (b) power (––) and temperature (- - -) profiles with thawed

regimes (shaded) during microwave thawing of 2L ¼ 1:5 cm slab exposed to microwaves at both faces. f ¼ 2450 MHz, IOL ¼ IOR ¼ 3

Wcm�2. Thawing is seen to proceed from the center. At a later stage, greater power deposition occur at thin liquid layers attached with

both faces. A greater average power at a later stage causes a faster thawing.
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thin water layers at the faces are observed and similar to

the previous case as seen in Fig. 14(a), the resonance

occurs within thin water layers contrasting only one

resonating zone for 2L ¼ 0:4 cm sample. A greater res-

onance in MW power is observed at the intermediate

stage where the entire slab has two thick water layers

separated by the central ice region as seen in Fig. 14(e)

where many interesting features of wave patterns are

also seen. The two water layers enhance amplitudes of

the traveling waves within ice layer compared to the

initial stage, however these waves are in destructive in-
terference as illustrated by the phase difference,

dx;l P 3:14, which result in the smaller amplitude of the

stationary wave and hence a very small power deposi-

tion within the ice layer. The thickness of water layer

(15% of the slab thickness) at the exposed face results in

greater resonance at this intermediate stage and the

magnitude of this resonance is even greater than that at

the initial stage. Following our earlier discussion in the

previous section (Figs. 8 and 10), we note that the in-

tensity of resonance for 2L ¼ 0:85 cm sample is consid-

erably greater resulting in 2L ¼ 0:85 cm to thaw faster



Fig. 14. Power (q, W cm�3), amplitudes of waves (A, Vm�1) and phase difference ðdÞ distributions (Eqs. (7)–(11)) during initial, in-

termediate and final stages of thawing for slabs exposed to microwaves at the left face. (� � �) transmitted wave; (- - -) reflected wave; (––)

stationary wave. f ¼ 2450 MHz, IOL ¼ 3 Wcm�2, IOR ¼ 0. Greater intensity of resonances occur either at the intermediate or the later

stage for 0:85 cm6 2L6 1:5 cm.
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than 2L ¼ 0:4 cm sample. It is also interesting to note

that our simulation studies based on the enthalpy for-

mulation and mixing rules for effective dielectric prop-

erties predict the same resonance feature at the

intermediate stage as seen in Fig. 10(b). A relatively

weaker secondary resonance is also observed at the op-

posite face (Fig. 14(e)). At a later stage as seen in Fig.

14(f), the resonance and wave patterns are qualitatively

similar to that for the intermediate stage with the lowest

power deposition within the ice layer, but the resonance
near the exposed face shifts towards the middle of water

layer which is also in accord with the resonance pattern

during 7.33 min as seen in Fig. 10.

As seen in Fig. 14(g), for 2L ¼ 1:5 cm sample, the

spatial wave pattern and the resonance characteristics at

the initial stage are qualitatively similar with earlier

cases. At the intermediate stage (Fig. 14(h)), the inten-

sity of the resonances is smaller compared to the initial

stage, but a relatively strong resonance occurs near the

exposed face similar to Fig. 14(e). The stronger reso-



Fig. 15. Power (q, W cm�3), amplitudes of waves (A, vm�1) and phase difference ðdÞ distributions ( Eqs. (7)–(11)) during initial, in-

termediate and final stages of thawing for slabs exposed to microwaves at both faces. (� � �) transmitted wave; (- - -) reflected wave; (––)

stationary wave. f ¼ 2450 MHz, IOL ¼ IOR ¼ 3 Wcm�2. Greater intensity of resonances occur at later stages.
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nating zone occurs near the ice–water interface, whereas

the secondary resonance is still at the unexposed face. At

the later stage (Fig. 14(i)), the water layer near the ex-

posed face is much thicker than that near the unexposed

face and two resonating zones occur between the ex-

posed face and the nearest ice–water interface. For a

thicker sample (2L ¼ 3:2 cm, Fig. 14(j)–(l)), the intensity

of resonance is relatively lower at the initial stage, two

resonating zones are observed within the water layer at

the intermediate stage and multiple resonances with

considerably lower intensities at the thick liquid layer
near the exposed face are seen at the later stage. The

lower penetration of waves within a thicker sample is

observed at the later stage where the amplitudes of the

traveling waves are considerably lower compared to

previous cases.

Fig. 15(a)–(c) illustrate resonance characteristics for

2L ¼ 0:4 cm slab with MW incident at both faces. A very

thin water region at the center during the initial stage of

thawing plays no significant influence on MW power

absorption at the interface. Amplitudes of the traveling

waves are smaller within the finite water region during
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the intermediate stage, whereas a resonance at the center

of the water region is observed during the intermediate

stage (Fig. 15(b)). During a later stage, the qualitative

features of resonance is similar to that at the interme-

diate stage and a lesser MW power absorption at the

later stage is seen in Fig. 15(c). For 2L ¼ 0:85 cm sam-

ple, a significant resonance in MW power is observed at

the initial stage (Fig. 15(d)) and intensity of resonance

occurring always at the center of the water region is

decreased as thawing progresses (Fig. 15(e) and (f)). The

interesting features for 2L ¼ 0:85 cm sample with MW

incident at the left face are the two water regimes with a

resonating zone at both regime occurring at the later

stage as seen in Fig. 14(f) which contrast the single

resonating zone at the center within a single water layer

throughout the thawing process as seen in Fig. 15(f).

Note that, the enhanced intensity of resonance due to

left side incidence significantly accelerates the thawing

process and therefore, the slab with both side MW in-

cidence takes longer time to thaw (see Figs. 10 and 11).

As seen in Fig. 15(g)–(h), for 2L ¼ 1:5 cm sample,

resonating features at initial and intermediate stages are

similar to that for 2L ¼ 0:85 cm sample and a later stage

is typically characterized by thin water layers near faces

which result in two additional resonances at faces. A

greater resonance at faces during the later stage for

2L ¼ 1:5 cm sample also observed in dynamics of MW

thawing simulations as illustrated in Fig. 13(b), accel-

erates thawing process considerably which resulted in

2L ¼ 1:5 cm sample to thaw approximately 2 min earlier

than 2L ¼ 0:85 cm sample. For a thicker sample,

2L ¼ 3:2 cm, the initial stage is characterized by thin

layer of water sample at faces where amplitudes of

traveling waves are much smaller than rest of the sam-

ple, and therefore no resonance occurs within liquid

regions as seen Fig. 15(j). At the intermediate stage, two

dominating liquid regimes appear from faces with a thin

liquid layer at the center (Fig. 15(k)) which result in

multiple resonances in MW power occurring at the

center of the regime and near the water–ice interface for

liquid regions connected with faces. At a later stage, the

liquid region connected with faces is thicker where two

resonances occur and the central liquid region contains

one resonating zone only (Fig. 15(l)).

Before concluding this section, the dynamics associ-

ated with various representative thawed regimes and

resonance patterns need to be addressed along with a

characteristic penetration number, Np ¼ 2L=Dp where

Np 	 1 denotes an exponential decay of MW power

within a sample, Np 
 1 corresponds to a uniform

power resonance throughout the sample and Np � 1

results in spatial resonances in power [7,19]. Although

the penetration depth, Dp are 25.81 and 2.76 cm for ice

and water respectively, we may analyze various thawing

scenarios and resonances based on penetration numbers

that are calculated using penetration depth in the water
phase as water absorbs much greater power than ice.

For samples incident from the left face (see Fig. 14),

thawing originating from the unexposed face corre-

sponds to 2L � 0:4 cm and Np � 0:14 and the thawed

regime consists of a single resonating zone occurring at

the unexposed face. For 0:146Np 6 0:30 (0.4

cm6 2L6 0:85 cm), thawing occurs from both faces at

intermediate stages. It is interesting to note that the

resonance, however small, still persists at the unexposed

face and a greater resonance occurs at the middle of the

thawed regime attached with exposed faces. For

Np � 0:54; (2L � 1:5 cm) thawing dynamics are similar

to that for Np � 0:30, however, as Np approaches to

0.54, the rate of thawing near the exposed face domi-

nates and the resonating zone within the thawed regime

attached with the exposed face approaches to the water–

ice interface and at a later stage an additional resonance

also occurs just at the exposed face. In sum, for

Np 6 0:54, at most two resonances occur within the

thawed regime associated with the exposed face and a

single resonance with smaller intensity occurs at the

unexposed face. As Np approaches to 1.16 (2L ! 3:2
cm), the other thawed regime at the unexposed face is

disappeared and only one thawed regime with multiple

resonating zones is attached with the exposed face. Note

that, intensity of these multiple resonances decays with

increasing values of Np.

For samples, incident from both faces (see Fig. 15),

Np 6 0:30, thawing occurs from center with a single

resonance at center and the intensity of resonance de-

creases as Np approaches to 0.30. For a greater thick-

ness, 0:306Np 6 0:54, the initial and intermediate

thawed regimes are similar to earlier cases with

Np 6 0:30, but at a later stage, additional thawing fronts

also appear near both faces where a dramatically greater

resonance significantly enhances the thawing process

(see Fig. 15(i)). For Np � 1:16, thawing regimes occur

near both faces initially and additional central thawing

regime is seen to appear during intermediate and later

stages. Although the central thawed regime contains one

single resonating regime, thawed regimes attached with

faces contain multiple resonances and similar to Fig. 14,

the number of such multiple resonating regions increases

with Np.

Based on our test cases, we find that the presence of

central thawed regimes or the thawed regimes attached

with unexposed face (for slabs incident at left face only)

sometimes enhance the intensity of resonance at the

exposed face or both faces which results in higher

thawing rates (Figs. 14(e) and 15(i)). Due to presence of

multiple thawing fronts, the relationship between sta-

tionary wave patterns of ice and water phases is highly

non-trivial and a generalized limit of Np may not be

obvious. This is due to the fact that dielectric properties

of solid phases of materials vary within a large range

and stationary wave patterns in a liquid phase also de-
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pend on dielectric properties of neighboring solid pha-

ses. Therefore, a modified length scale based on Dp of

both solid and liquid phases may be suitable and further

analysis on that perspective may be a subject of future

work.

3.4. Role of resonance: optimal thawing strategy

To investigate the influence of resonance we have

shown the relationship between the thawing time and

slab thickness, 2L for different MW incidence cases as

illustrated in Fig. 16(a) where tth1 and tth2 represent

thawing times for one side MW incidence and both side

incidence cases respectively. The slab thicknesses are

varied upto 5 cm with Np ¼ 1:81 where Np is obtained

based on water phase and a greater difference in thawing

time between the two incident cases is at around 2L ¼ 5

cm sample. It is interesting to note that for all cases the

variation of thawing time with slab thicknesses is non-
Fig. 16. (a) Thawing time and (b) power index vs slab thickness

for samples incident either from the left face or both faces. tth1 ,
thawing time with left side MW incidence; tth2 , thawing time

with both side MW incidence. (––) slabs exposed to microwaves

at both faces; (- - -) slabs exposed to microwaves at the left face.

f ¼ 2450 MHz, for microwaves exposed at both faces; IOL ¼
IOR ¼ 3 Wcm�2, for microwaves exposed at the left face; IOL ¼
3 Wcm�2, IOR ¼ 0. The shaded region in the inset denotes the

specific sample thicknesses with microwave incidence at both

faces where a greater power savings is observed.
monotonic which contrasts earlier studies on samples

with MW incident at one face where a power law be-

tween the thawing time and slab thickness was predicted

as tth1 / ð2LÞn as referred in [7,16]. As seen in Fig. 16(a),

for samples with MW incident at one face, influence of

resonance is attributed around 2L ¼ 0:85 cm ðNp ¼ 0:3Þ
where a local minima of time is observed and tth1 in-

creases rapidly for 2L > 3:2 cm ðNp > 1:16Þ. Greater

resonances due to samples with MWs incidence at both

faces are observed around 2L ¼ 1:5 cm ðNp ¼ 0:54Þ
where tth2 has a local minima and relatively smaller

resonances are also observed around 2L ¼ 3 cm

ðNp ¼ 1:08Þ and 2L ¼ 4 cm ðNp ¼ 1:45Þ. For 0.8

cm6 2L6 0:95 cm, the samples with one side incidence

are influenced greatly by resonances and the samples will

thaw relatively slowly when both sources of MWs are

on. Based on the time history of thawing for all cases, we

find that the presence of resonance causes local minima

of thawing time for specific length scales which requires

further investigation in order to establish the efficient

thawing route with optimal MW power expenditure.

To investigate the extent to which power is saved

for various MW incidence cases, we define power index,

Pi as

Pi ¼
Power expense for both side incidence

Power expense for one side incidence
� 1

¼ 2IOtth2
IOtth1

� 1

¼ 2tth2
tth1

� 1;

ð29Þ

where IO is intensity of MW radiations at each face of

samples. Pi ¼ 0 indicates that total power expense for

both side incidence is identical with power expense for

one side incidence case; therefore no power savings or

loss for any of the incidence cases, Pi < 0 represents total

power expense for both side incidence is smaller than

power expense for one side incidence and Pi > 0 shows

the power can be saved with one side MW incidence.

Note that j Pi j P 1 indicates that power savings asso-

ciated with time savings.

Fig. 16(b) illustrates the relationship between Pi and
2L (Eq. (29)) where we find that sign of power index

varies significantly with 2L. For 2L6 0:6 cm, Pi is neg-

ative and Pi � �0:5 for 2L ¼ 0:3 cm samples. For 0.6

cm6 2L6 1:2 cm, Pi is positive which shows that in this

region only one side MW incidence is efficient. In ad-

dition Pi ¼ 1:3 for 2L ¼ 0:9 cm sample indicates a faster

thawing process with both power and time savings. Al-

though for 1.2 cm6 2L6 2 cm, both side incidence is

advantageous, for 2 cm6 2L6 3:5 cm, one side inci-

dence is preferred and both side incidence is advanta-

geous for 2L > 3:5 cm samples. An optimal heating

strategy based on power index, Pi, is illustrated by the

inset of Fig. 16(b) where the shaded regions denote
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specific sample thicknesses with MW incidence at both

sides and unshaded regions for sample thicknesses with

MW incidence at one face only. If a sample thickness

falls within a shaded region, we recommend to use MWs

incidence at both faces and for unshaded region, one

side MWs incidence.
4. Conclusion

We have carried out extensive studies to investigate

MW resonances and thawing dynamics for frozen slabs

of ice. A generalized mathematical formulation for

uniform plane waves has been established for a multi-

layered/multiphase slab in order to carry out the spatial

distribution of MW power and amplitudes of reflected

and transmitted waves. MW thawing of ice has been

modeled using the enthalpy formulation of the energy

balance equation and Maxwell�s equations for MW

power. The single energy balance equation, consisting of

both enthalpy and temperature, is solved for the entire

domain and the state of the material is determined from

the equilibrium /l vs T relationships. For pure sub-

stances like ice which has discontinuities in the /lðT Þ
curves, a superficial phase change region is assumed

around the point of discontinuity. MW thawing dy-

namics were simulated using Galerkin finite element

method.

A preliminary analysis of amplitudes, phase states

of reflected and transmitted waves and MW power

distributions has been carried out for pure ice and

water samples of various thicknesses. We have selected

four specific sample thicknesses (2L ¼ 0:4, 0.85, 1.5,

3.2 cm) based on our studies for spatial power distri-

butions and resonances within water samples as water

has greater dielectric loss. Simulations for ice slabs

exposed to microwaves from one face indicate that

thawing can occur from the unexposed face for smaller

samples and for a relatively larger thickness, a thawing

front also appears at the exposed face. We observe a

counter-intuitive situation where 0.85 cm slab thaws

quicker than 0.4 cm slab, due to occurrence of sig-

nificantly greater resonance within the thawed regime

attached with the exposed face. For greater thicknesses

(2L > 1:5 cm) thawing occurs primarily from the ex-

posed face with another additional fronts also ap-

pearing at the unexposed end during later stages.

Consequently, we find that for 2L ¼ 0:85 cm sample,

one side MW incidence gives faster thawing rate than

both side MW incidence.

For samples exposed to microwaves from both faces,

thawing occurs only from the center for smaller thick-

ness (2L6 0:85 cm) and additional thawing fronts occur

at both faces for thicker samples (2LP 1:5 cm). It is

interesting to note that 2L ¼ 1:5 cm sample thaw faster

than 0.85 cm sample due to greater resonance occurring
at the faces for 1.5 cm sample. Common to one side

incidence and both side incidence cases is the greater

MW power deposition which is attributed by greater

resonance occurring within a secondary thawed regime

appearing at later stages for intermediate sample thick-

nesses. We have also contrasted resonance characteris-

tics between one side and both side exposed cases for

specific thicknesses. Based on spatial resonance pattern,

either microwave incidence from one face or both faces

is preferred.

A detailed analysis on the role of multiple phases in

resonance patterns was carried out based on the gener-

alized mathematical analysis to investigate the spatial

distribution for phase states and amplitude of waves.

This analysis based on the generalized mathematical

formulation agrees well with our finite element simula-

tion results for MW power absorptions. Our analysis on

resonances for representative thawed regimes clearly

explains the occurrence of resonances associated with

various traveling and stationary waves. This analysis

also clearly demonstrates the occurrence of multiple

resonances at later stages.

We have described different thawing trends and res-

onances which can be broadly classified based on pen-

etration numbers, Np. However, a generalized thawing

tendency and resonances irrespective of material prop-

erties need to be further investigated to obtain a gener-

alized classification based on Np.

A broader perspective on the role of resonance is il-

lustrated by the relationship between thawing time with

various slab thicknesses. Thawing times are contrasted

for one side and both side exposed cases and we find a

non-monotonic trend in variations of thawing times for

all cases. Further, we defined �power index� to quantify

power savings in order to highlight optimal thawing

strategies. Although our analysis is carried out for a

pure slab of ice, we expect similar thawing trends for

materials with similar dielectric properties. A scale

analysis on a generalized microwave heating/thawing

studies is the subject of our ongoing research.
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